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On Three- Spreads Satisfying Four or More Homogeneous 

Linear Partial Differential Equations 

of the Second Order. 

By Charles H. Sisam. 



Inteoduction. 

1. In an article in the Atti della Aecademia Reale delle Sdenze di Torino* 
Sbgre discussed the two-spreads which satisfy one or more homogeneous linear 
partial differential equations of the second order. The discussion here given 
follows the same order of ideas. 

The equations of the three-spread are supposed to be given in the para- 
metric form : 

»i =fi i u u u 2> u z), » = °> !> > n - 

The three-spread will be said to satisfy an homogeneous partial differential 
equation when each of the n -f- 1 functions f t satisfies the equation. 

2. It will first be determined under what conditions a three-spread may 
satisfy more than four homogeneous linear partial differential equations of the 
second order. It will next be shown that, if the three-spread satisfies four such 
equations, it has, at an arbitrary point, four tangents having contact of the 
second order with the three-spread. It will then be determined under what 
conditions two or more of these three-point tangents, at an arbitrary point, 
may be consecutive. 

The functions / 4 are, in general, supposed to be analytic, although, in a large 
part of the work, this is a greater restriction than is necessary. 
Differentiation will be denoted by indices, for example : 

Bf 8 2 / d s f 



du x du% du 1 du 2 du 3 
will be denoted, respectively, by f 1 , f 33 and f m . 



* "Su una Classe di Superflcie degl' Iperspazii Legate colle Eqnazioni Lineari alle Derivate Parzlali di 3° 
Ordine." Vol. XLII (1907), p. 559. 
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98 Sisam: Three-Spreads Satisfying Four or More Homogeneous 

3. Let fo^pO in the region under consideration and let 

f 

/o 
Then the equations of the three-spread may be written non-homogeneously 
in the form : 

*i = 9i ( u i, %, «s), * = 1, 2, , n. 

Since the entity under consideration is, by hypothesis, a three-spread, 
the matrix, 

dffi 



d Uj 



i — 1, 2, . ...,n, 

/ = 1,2,3, K) 

must be of rank three. 

4. It follows that the functions / 4 do not all satisfy an homogeneous linear 
partial differential equation of the first order: 

«i/ : + <hf + «s/ 3 + a/ = 0. 
For, suppose that such an equation were satisfied. It would then follow that 

the functions g i -=.~ all satisfy 
/o 

Hence, since the matrix (1) is of rank three, it follows that a 1 = a 2 = a 3 = 0. 
Since f =£ 0, it now follows that a = 0. 

On Three-Spreads Satisfying More Than Four Homogeneous Linear 
Partial Differential Equations of the Second Order. 

5. No three-spread can satisfy more than six independent homogeneous 
linear partial differential equations of the second order. For, if it could satisfy 
seven such equations, it would have to satisfy the equation of the first order, 
which could be deduced from them. This, we have seen, is impossible. 

6. If the three-spread satisfies six such equations, these equations must be 
reducible to the form 

/» = o»/+ h,/ 1 + c nk f + d hk f\ h = 1, 2, 3 j Tc = 1, 2, 3, (1) 

since, otherwise, from the six equations could be deduced one of the first order. 
A three-spread which satisfies six equations of the above form lies in an S 3 * 

* The notation S r will be used to denote a space of r dimensions. 
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From the above six 



-A 



For, let f =f= in the region considered and let g t 
equations we obtain : 

M = A*0 1 + r»0 3 + W, A = 1,2, 3; h 



Since the matrix 



IUa 



1,2,3. (2) 

is of rank three, there exists at least one determinant 



g\ g\ gl 
glglgl 



of third order in the matrix which is not zero. Let 

=f=0. 

glglgl 

If we now take g lf g z and g 3 for independent variables, it follows from equations 
(2) that 

^g* _ 



Hence, 



2gn 3g k 



i = 1, 2, , n ; h = 1, 2, 3 ; h = 1, 2, 3. 



& = a t gi + hg% + «!& + dt, i = 1, 2, , n, 

where a 4 , 6 4 , etc., are constants. Hence, the three-spread lies in an S 8 . 

7. Through each point of a three-spread which satisfies Jive independent 
homogeneous linear partial differential equations of the second order pass an 
infinite number of tangents having contact of the second order with the three- 
spread. For, let 

3 
"i — 2 (Ohkfi • 

n,k=i 
By a suitable choice of the quantities a hk , it is now possible to replace the five 
given equations by the following six : 

f nk = a nk f+b hk f 1 + c hk /" + d Ml / a + e m n ) £ = 1,2,3; & = 1, 2, 3. (3) 

The three-point tangents at (u lf w 2 , u 3 ) are those determined by values of 
the ratios du x : du % : du 8 which reduce to four the rank of the matrix : 



(4) 



/ o /l • 


• • J n 


/o /i • 


Jn 


/o 2 /i 3 • 


In 


/o 3 /i 3 • 


Jn 


^0^1 • 


- #n 



in which 



<& = 2 2 ft 1 " du h du k , i = 0, 1, 

7l=l fc=l 



n. 
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Substituting for the functions ff* their values from equations (3) and subtracting 
multiples of the first four rows of the matrix, it is found that q> t may be replaced 
by 6 it where 

3 8 

$i = D. t X 2 e hk du h du k , * = 0, 1, , n. 

h=l k=l 

Since, for all values of i, { contains the factor 

3 3 

2 %e hk du h du k , (5) 

h=l k-\ 

any set of values of du x : du % : du 3 which annuls this factor reduces the rank of 
the matrix to four. Hence, any tangent at (u 1} u 2f u 3 ) determined by such a set 
of values of du x : du z : dug is a three-point tangent at (u 1} « 2 , u 3 ) to the three- 
spread. 

8. Since the factor (5) is quadratic in (du lf du 2 , du 3 ), the three-point 
tangents at each point (u lf u%, u 3 ) of the three-spread form a quadric cone. 
It follows that the three-spread is either an hypersurface in Si or is formed by a 
system of planes such that consecutive planes intersect in a line. 

For, the section of the three-spread by an arbitrary hyperplane is a two- 
spread having, at each point, two three-point tangents. Seg-re has shown* 
that such a two-spread either lies in an S 3 or is a developable or cone. 

9. If the section of the three-spread by an arbitrary hyperplane is a two- 
spread lying in an S 3 , then the three-spread lies in an # 4 . For, if not, let P lf 
P 2 , ...., P 6 be six points of the three-spread which determine an S 6 . An 

hyperplane passing through P lf P z , , P 6 , and not passing through P 6 , 

intersects the three-spread in a two-spread not lying in an S 3 . 

10. If the two-spread of section by an arbitrary hyperplane is a developable 
or cone, the two three-point tangents at each point of the two-spread are con- 
secutive and lie entirely on the two-spread. Hence, the cone of three-point 
tangents to the three-spread at an arbitrary point degenerates into a double 
plane lying entirely on the three-spread. The three-spread is therefore gene- 
rated by a simply infinite system of planes. Consecutive planes of this system 
intersect in a line, since the system of planes is intersected by an arbitrary 
hyperplane in a system of lines such that consecutive lines intersect. Such a 
three-spread is generated by either (a) the osculating planes to a curve, or 

* Loc. cit., p. 571. 
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(b) the planes projecting the tangents to a curve from a fixed point, or (c) the 
planes projecting the points of a curve from a fixed line. 

11. Conversely, let 

»i = fi K « 3 , u 3 ), i = 0, 1, 2, 3, 4, 

be the equations of an hypersurface in an 8 t . The condition that these five 
functions f satisfy an homogeneous linear partial differential equation of the 
second order is only five conditions on the ten coefficients of the differential 
equation. There exist, therefore, five such equations satisfied by each of the five 
functions. Any such three-spread, therefore, satisfies five such equations. 

Again, consider a three-spread the equations of which can be put into one 
of the forms 

a>i —fi («i, «2, « 3 ) = 9i (« 3 ) + «i fi (%) + « 2 fff K), • = 0, 1, , n ; 

<»i=/i(«ir «2, «a) =9i(u s ) + Mi0?(«b) + v»ht i = 0, 1, , n; 

a5i=/i(«i, «2, Uz) — 9i{ u z) + «i?i + «a^, * = 0,1, , n, 

in which k t and ? 4 are constants. 

In each case, the three-spread satisfies the equations : 

/" = , r = o, f is = o, 

f™ = af+bf 1 + cf* + df s , 
r^aJ+bJi + c^F + dJK 

Hence, the necessary and sufficient condition that a three-spread satisfy five 
homogeneous linear partial differential equations of the second order is that it be either 
(a) an hypersurface in an Si or (b) generated by planes in such a way that con- 
secutive planes intersect in a line. 

On Three-Spreads Which Satisfy Four Homogeneous Linear Partial 
Differential Equations of the Second Order. 

12. Through an arbitrary point of a three-spread which satisfies four 
homogeneous linear partial differential equations of the second order, pass four 
lines having contact of the second order with the three-spread. For, let 

Q, = 2 2 ©„/,» ?«=H W/ 8 *, * = 0, 1, . • • ., n. 

h=l *=1 h=l ft=l 

By a suitable choice of % and ^nu the four given equations may be replaced by 
/» = a hk + b^f 1 + c^f + d m P + e hk $ + g nk ft, h, h = 1, 2, 3. (1) 
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Hence, in the matrix which determines the three-point tangents (^[ 7), $>< may 
be replaced by 

3 3 3 3 

$ t = V t 2 2 e hk du h du k + Q. i 2 2 g hk du n du k . 

h=l ft=l h=l k=l 

Hence, the lines through the point whose parameters are (« u u Z) u 3 ), for which 
du x : du s : du 3 satisfy 

3 3 3 3 

E — 2 2 e M <#%<#% = () and G == 2 2 g hk du h du k = 0, (2) 

are three-point tangents to the three-spread. Solving equations (2) for the 
ratios du x : du^ : du% and integrating, we find four systems of oo 2 curves on the 
three-spread the tangents to which are three-point tangents to the three-spread. 
These curves correspond, on the three-spreads of the types under consideration, 
to the asymptotic lines on a surface in S 3 . 

13. By a transformation of the curvilinear coordinates {u u u z , u 3 ), we may 
take one of the four systems of curves whose tangents are three-point tangents 
to the three-spread to be the curves u 2 — const., u 3 = const. Suppose this trans- 
formation effected. It then follows that 

/» = a n f + l n r + c n P + d n f 3 . (3) 

Suppose, first, that the three-spread does not satisfy any equation of the form 

«/ + 6/ 1 + c/ a + df + eP + gf ls = 0. (4) 

It then follows that the remaining three equations satisfied by the three-spread 
can be written in the form : 

f" = %,/ + &*/ 1 + ^/ 2 + d w f + e 3a / 12 + g^f 3 , (5) 

Z 23 = oaf + &23/ 1 + c 23 / 3 + d z3 f 3 + % / 12 + g^f 13 , (6) 

Z 33 = «»/ + W 1 + %/ 2 + 4,/ 3 + e^f* + ffssf 13 . (7) 

Differentiating equations (3), (5), (6) and (7) and substituting the values of 

f n > f®i f z8 aQ d / 33 from these equations, it is seen that all the derivatives of 

order higher than the second can be expressed in terms off, f 1 , f 2 , f 3 , f 12 and/ 13 . 

Let (u lt u 2 , « 3 ) be given a fixed set of values which determine an arbitrary 

point on the three-spread. Since the three-spread does not satisfy an equation 

of the form (4), the six points 

«s —fi , ®i =fl, as, = //, x t =fl, Xf = // 2 , x t =/i 3 , i = 0, 1, , n, (8) 

determine an S 5 . The three-spread lies in this S 5 . For, let Mi = <J!>i(f), 
M a = ^j (2), u 3 = ty 3 (t) determine an analytic curve on the three-spread. 
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Since the successive derivatives of f t (t) with respect to t may be expressed 
linearly and homogeneously in terms of /{,//, ft, ft, fi 2 , fi 3 , has, at each 
point P on it, contact of higher than the fifth order with the S h (8) corre- 
sponding to P. Hence, these S 5 coincide and contain C. It follows that the 
three-spread lies in an S & . For, if not, seven points taken at random on it 
would not lie in an S 5 . But through any seven such points an analytic curve C 
can be passed. They therefore lie in an S & . 

If the three-spread does satisfy an equation of the type (4), it follows from 
equation (2) that du 2 = du 3 = counts twice, at least, as a solution of E—0 
and G = 0. The tangents to u z = const., u 3 = const, therefore count twice as 
three-point tangents to the three-spread. Hence, if through an arbitrary point 
of the three-spread passes a tangent to the three-spread whose direction is determined 
by a set of values of du x : du 2 '. du 3 which count only once as solutions of equations (2), 
then the three-spread lies in an S & . 

It will be shown hereafter that if, at an arbitrary point, every solution of (2) 
counts twice, at least, as a solution, then the three-spread may lie in a space of 
any number of dimensions. 

14. Through each point of the three-spread pass, in general, in addition to 
the four curves determined by equations (2), three other curves of especial im- 
portance. To derive them, notice, first, that the section of the three-spread by 
an hyperplane through the tangent S 3 at an arbitrary point P is a two-spread 
having a node at P. The tangent quadric cone at P to this two-spread lies in 
the tangent iS 3 to the three-spread and contains the four three-point tangents 
to the three-spread at P. If the hyperplane varies in such a way as always to 
contain the tangent $ 3 , this tangent cone therefore describes a pencil of cones 
through the three-point tangents. The cones of this pencil are generated by the 
lines through P determined by 

3 3 3 3 

2 2 e hk du n du k + X 2 2 g hk du h du k = 0, 

ft=l fc=l h=l k=l 

where % is a parameter the variation of which determines the different cones of 
the pencil. 

Three cones of this pencil are composite. Their double lines pass through P. 
Hence, through P pass three tangents to the three-spread which are double lines of 
tangent quadric cones at P to sections of the three-spread by hyperplanes through the 
tangent S 3 at P. These three tangents will be referred to as the three "funda- 
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mental tangents" at P. To determine the direction of one of these tangents, 
it is necessary to determine a root X of 

I ehk + hghk I = o, 

and then determine the ratios du x : du% : dug from 

2 («w + * 9m) du h = 0, Jc = 1,2, 3. (9) 

Integrating these three equations for each value of %, we obtain three systems oo 2 
of curves on the three-spread whose tangents are fundamental tangents to the 
three-spread. 

15. Let (tii + dui, 1*2 + du z , u 3 + du 3 ) be a point of the three-spread 
consecutive to P in any direction. The tangent S 3 at this consecutive point inter- 
sects the tangent S 8 at P in a line through P the direction of which corresponds to the 
direction determined by du t : du 2 : du 3 in an involutorial birational quadratic trans- 
formation of which the coincidences are the three-point tangents at P and the funda- 
mental lines are the three fundamental tangents at P. 

For, the tangent S 3 at the consecutive point is determined, to infinitesimals 
of the second order, by the four points : 



3 

»i=/«+ ZA h du h , £ = 0,1, ,n; 

h=l 

x t =f t *+£ff*du h , £ = 1,2,3; i = 0,l, 



(10) 



From equations (1) we deduce: 



3 3 3 3 

ft + 2 ft du h = ff +fX a hk du h + fl 2 b hk du h + f* 2 c hk du n 

7i=l h=l h=l h=l 

3 3 3 

+ ft 2 d m du h + % 2 e hk du h + Cl t 2 g nk du n , 

h=l h=l 7i=l 

h = 1, 2, 3; £ = 0,1, , 



(11) 



From (10) the equations of the tangent S 3 at the consecutive point may be 
written, in terms of the parameters (v 1} v z , v 3 ), in the form: 

Q O © 

as, =/« + 2 f h du h +2v k (/* + 2 f hk du h ), i = 0, 1, . . . ., n. 

7i=l k=\ h=l 

3 

Substituting into this expression the values of /* + 2 fi >k du h from (11), it is 
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seen that the points which lie in the tangent S 3 at the consecutive point and also 
in the tangent S 3 at P, i. e. in the S s determined by the four points 

»*=/«, »*=//, %i=fi, Xi=ff, » = 0, 1, , rc, 

are those which satisfy the equations : 



3 3 3 

Vi 2 e lh du n + v 2 2 e 2ft d% + v 3 2 e 3/l c7% = 0, 

7l=l 7l=l Jl=l 

3 3 3 

v t 2 g-ift c^Mft + « 2 2 # 2ft d% + « 3 2 g 3h du h = 0. 
ft=i /»=i ?i=i 



(12) 



Since these two equations are linear, the two S 3 intersect in a straight line. 
Since the equations are satisfied when v 1 = v z = v 3 = 0, the line goes through 
the point (v^-\-du lt u 2 -{-du z , u 3 + du^. In the limit, therefore, as the con- 
secutive point approaches P in the direction dv^ : dv^ : du 3 , the line of intersection 
of the two consecutive tangent S 3 approaches the line through P in the direction 
determined by the values of the ratios 8u t : hu % : $Wg which satisfy 

3 3 3 3 

2 2 e nk du n hu k = 0, 2 2 g hk du h 8u k = 0. (13) 

7i=l k=l h=l k=l 

But the line so determined is the intersection of the polars of the line 
du t : du % : du 3 with respect to the quadric cones determined by equations (2). 
The correspondence between the two directions at P is therefore an involutorial 
birational correspondence. The four united lines of the correspondence are the 
four intersections of the cones E=§ and O = 0, i. e. the three-point tangents 
at P. The three fundamental lines of the correspondence are the three double 
lines of the pencil E -\- % Gf = 0, i. e. the three fundamental tangents at P. 

15. If, in particular, a consecutive point is taken in the direction of any 
one of the fundamental tangents, then the tangent S 3 at the consecutive point 
intersects the tangent S 3 at P in the plane joining the other two fundamental 
tangents. It therefore lies in an Si through the tangent S 3 at P. It is, in fact, 
easily seen that, if du x : du 2 : du 3 is a solution of equations (9), then the tangent S 3 
at (% + du 1} u % -\- du Z} u 3 + du 3 ) lies, to infinitesimals of the second order, in the 
Si determined by 

Xi=fi, Xi=fi, *i=fi, Xi=fi, x i = D. i — X%, » = 0,1, , n. 

The tangent S 3 to the three-spread along an integral curve of (9), therefore, 
form, in general, the osculating S 3 to a curve G. Bach osculating plane to G 
touches the three-spread at a point P of the integral curve of equations (9) and 
14 
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contains the other two fundamental tangents to the three-spread at the point of 
tangency. The tangent lines to C do not, in general, touch the three-spread. 
In fact, since the tangent lines to C are the lines of intersection of the tangent 
S s to the three-spread at three consecutive points of the integral curve of 
equations (9), if the tangent to C passed through P, the tangent S 3 at three 
consecutive points of the integral curve of (9) would pass through P. The 
tangent at P to the integral curve of (9) would therefore be a three-point 
tangent at P to the three-spread. This is not, in general, the case. 

"We shall now discuss the behavior of the three-spread when the tangent 
cones to the sections of the three-spread by the hyperplanes through the 
tangent S3 at an arbitrary point P on the three-spread satisfy certain particular 
conditions. Consider, first, the case in which : 

Case 1. The Tangent Cones at P Are All Composite. 

A. Let the three-spread be generated by planes. 

16. If a three-spread is generated by planes, an hyperplane through the 
tangent S 3 at an arbitrary point P on the three-spread intersects the three-spread 
in a two-spread the tangent cone to which, at P, has the generating plane 
through P for a component. It is, therefore, certainly composite. 

A three-spread generated by planes satisfies, in general, however, only 
three homogeneous linear partial differential equations of the second order. 
In fact, if the equations of the three-spread are reduced to the form 

%i = ft («i» «», u s) = fn («b) + «i/«» («n) + « 3 /*3 (« 3 ), » = 0, 1, , n, 

we have identically only 

/" = o, /» = o, /■ = <>. (1) 

Impose, now, the condition that the three-spread satisfy a fourth homo- 
geneous linear partial differential equation of the second order: 

a®/ 33 + a*,/ 23 + <W 13 + « 3 / 3 + a 2 f + aj 1 + af = 0. (2) 

Suppose, first, that <% :£ 0. Then the tangent to the three-spread at an 
arbitrary point for which du^ : du % : du% = a ls : <% : 2 a as counts only once as a 
three-point tangent. The three-spread therefore lies in an S 5 . 

Suppose, now, that a^ = 0. It then follows that consecutive planes of the 
three-spread lie in an $ and therefore intersect in a point. They therefore 
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either all pass through a fixed point or touch a fixed curve. In fact, equations 
(2) may, in this case, be written in the form 

afn + bf i2 + cf i3 + df? x + ef? z + gf? a = 0, i = 0, 1, . . . ., n, 

where a, b, etc., are independent of u± and u 2 , and where d, e and g are not all 
zero, since <% and a ls are not both zero. By a linear transformation of u x and u t 
this equation may be reduced to 

fit = Ol/il + a zfiz + a s/i3 , i=0,l, , n. 

If a.j = a 2 = 0, this may still further be reduced to 

/i3 = 0, » = 0, 1, , n. 

The planes, therefore, all pass through a point. 

If a x and a 3 are not both zero, let a 2 =£ 0. By a linear transformation of 
% and u % the equation may be reduced to 

fh=fiz, * = 0,1, , n. 

The equations of the three-spread now reduce to 

*i = fu 0%) + ihfh K) + Us fit («s), i = 0, 1, , «. 

The generating planes, therefore, all touch the curve sc 4 =/ i3 (tt 8 ). The three- 
spread does not, in general, lie in an S & . 

17. Conversely, if a three-spread generated by planes lies in an S &) it 
satisfies four homogeneous linear partial differential equations of the second 
order, since, as we have seen, any three-spread lying in an S 5 satisfies four such 
equations. If a three-spread is generated by planes passing through a fixed 
point, its equations may be put into the form 

«i =/<W + %/i 2 K) + ^h, i = 0,l, , n, 

where the quantities \ are constants. It then satisfies the four equations : 

/" = 0, / 12 = 0, /■ = (>, /» = 0. 
Finally, if the three-spread is generated by planes touching a fixed curve, its 
equations may be put into the form 

** = fn («s) + Miffs («s) + «»/i8 («b)i » = 0, 1, , n. 

It then satisfies the equations : 

j?ii — -en —- fM _— f 23 ^ l — n 

Hence, the necessary and sufficient condition that a three-spread generated by 
planes satisfy four homogeneous linear partial differential equations of the second 
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order is that it either (a) lie in an iS 5 , or (b) be generated by planes all passing 
through a fixed point, or (c) be generated by planes all touching a fixed curve. 

18. For the three-spreads of case (a) for which the coefficient 033 of 
equation (2) does not vanish, the birational correspondence considered above 
between the tangents at an arbitrary point P reduces to an involutorial pro- 
jectivity having the generating plane through P for united plane and the 
discrete three-point tangent for united tangent. It follows, in fact, from 
equations (1) and (2) that the tangent S 3 at a point consecutive to P in the 
direction du x : du 2 : du% intersects the tangent S 3 at P in a line through P in a 
direction determined by St^ : Su^ : Su 8 , where 

5% = a 13 du 3 — a m du x , 8u 2 = <% du 3 — <% du 2 , hu 3 = a m du 3 . 

For the three-spreads of cases (b) and (c) it is similarly seen, since 033 = 0, 
that the correspondence is degenerate. To every direction through P corre- 
sponds the line joining P to the point of intersection of the plane through P 
with the consecutive plane. 

B. The three-spread is not generated by planes. 

19. The tangent cone at an arbitrary point P to the section of the three- 
spread by an arbitrary hyperplane through the tangent S 3 at P has a double 
line, since, by hypothesis, it is composite. Moreover, since the three-spread is 
not generated by planes, through P there does not pass a continuum of straight 
lines lying on the three-spread. For, suppose that through P there could pass 
such a continuum of lines. Since the three-spread is not generated by planes, 
the continuum could not lie in a plane. Moreover, the continuum, being 
supposed to lie on the three-spread, would lie upon the tangent cone at P to the 
section of the three-spread by an arbitrary hyperplane through the tangent S 3 
at P. This tangent cone would therefore be invariant for every such hyper- 
plane. This is impossible, since the three-spread satisfies only four homogeneous 
linear partial differential equations of the second order. 

The three-spread is therefore generated by straight lines such that the 
tangent S 3 along each straight line is invariant. 

Conversely, if a three-spread is generated by straight lines in such a way 
that the tangent S 3 is invariant along each straight line, then the section of the 
three-spread by an hyperplane through the tangent S 3 at an arbitrary point P 
has as a double line the line through P along which the tangent 8 3 is invariant. 
The tangent cone at P to the section is therefore composed of two planes 
through this double line. It is therefore composite. 
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Hence, the necessary and sufficient condition that the tangent cone at P 
to the two-spread of section of a three-spread not generated by planes, by an 
arbitrary hyperplane through the tangent S 3 at P, be composite, is that the 
three-spread be generated by straight lines in such a way that the tangent S 3 
is invariant along each line. 

20. Let 

«i — ft ( u u «2> «b) = 9t K> «b) + «i K («,, m 3 ), i = 0, 1, , n, 

be such a three-spread, the tangent /% being invariant along the lines w 2 = const., 
« 3 = const. We then have : 

f U = 0, (1) 

f» = af+bf 1 + cf* + df>, (2) 

f ls = a 1 f+b i P + c 1 f + d 1 f. (3) 

Differentiating (2) with respect to w 3 and (3) with respect to u 2 and subtracting, 
we obtain : 

c,/ as + fa - c)/ 23 - rf/ 33 = a J + 5J 1 + <*,/» + d % f. (4) 

Such a three-spread therefore satisfies four homogeneous linear partial differential 
equations of the second order, unless c x = d\ — c = d = 0. 

21. Suppose, however, that c 1 = d 1 — c = d = 0. It follows that all the 
coefficients of (4) vanish, since the three-spread can not satisfy an equation of 
the first order. If we differentiate (2) and (3) with respect to ti 1} the resulting 
equations must be proportional to u t . Hence, (2) and (3) may be written in 
the form 

ah» + Pg» + yh + 8g = 0, 
ah s + (3g s + yih + S l9 = 0, 

where a, /?, y, etc., are independent of %. Moreover, a and /? are not both 
zero, since, otherwise, equations (2) and (3) would reduce to equations of the 
first order. By a transformation of curvilinear coordinates which is linear 
in «!, these two equations may therefore be reduced to the form: 

K* = Zg + n h, h s = ^ 1 g + y !l h. (5) 

Differentiating the first of these equations with respect to « 3 , the second with 
respect to u 2 , and subtracting, we obtain : 

lg* — Zig z = <yg + *&• 

Hence £ = £ x = 0. For, otherwise, the three-spread would satisfy an homo- 
geneous linear partial differential equation of the first order. Equations (5), 
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therefore, reduce to h z = y;h and h 3 = ri 1 h. Hence the n + 1 functions h t are of 
the form ^ 4 = ^<^>(« 2 , t%), where the quantities k t are constants. Hence, by 
a slight transformation of curvilinear coordinates which is linear in u±, the 
functions hi may be reduced to constants. The three-spread is therefore a cone. 
Let the quantities A t be reduced to constants, and suppose that, in addition 
to equations (1), (2) and (3), there exists a fourth homogeneous linear partial 
differential equation of the second order which is satisfied by the three-spread. 
This equation reduces at once to 

Ag» + Bg» + Og» = a,g + b ll g> + c t g* + d,h. (4') 

The coefficients of this equation must be independent of u x , since, otherwise, 
the three-spread would satisfy more than four such equations. 
Let $ be a solution of the equation 

Ad™ + Bd* s + GO 33 = a.6 + M 2 + c 2 3 + d,. 
If we replace % by u Y — in the equation of the three-spread, equation (4') 
reduces at once to 

Ag» + Bg™ + Gg™ = a 2 g + b 2 g* + c,<f. (4") 

Hence the three-spread is the projection from a fixed point of a two-spread 
which satisfies an homogeneous partial differential equation of the second order. 
Conversely, consider a three-spread cone, 

^ =M«i, u %, «b) = ft(«i» «b) + u ih, * = 0, 1, , n, 

which projects from a fixed point x t = A* a two-spread which satisfies an equation 
of the type (4"). It is seen at once that the three-spread satisfies the four 
equations : 

/ u =o, r*=o, r=o, 

Af* + Bf* + Cf ss = a z f+b z f + c 2 f-a z u 1 f. K ) 

We have therefore proved that : A three-spread generated by straight lines 
in such a way that the tangent S 3 along each line of the system is invariant satisfies 
four homogeneous linear partial differential equations of the second order, unless it is 
a cone. If the three-spread is a cone, it satisfies four such equations if, and only if, 
it is the projection from a fixed point of a two-spread satisfying an homogeneous 
linear partial differential equation of the second order. In neither case does it lie, 
in general, in an S 5 . 

21. On a three-spread which satisfies equations (1), (2), (3) and either (4) 
or (4'"), the birational correspondence between the tangents at an arbitrary 
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point P is composite. To any direction through P corresponds the direction 
of the invariant line through P. For, if we write (4) or (4"') in the form 

<%/ 33 + « 33 / a3 + "as/ 33 = af + aj 1 + a 2 f + a 3 f, 

and if we choose @ Sz , /3 23 , (3 m , y 22 , </<% and y^ so as to make the determinant 

I a 22 P23 ^33 I 

different from zero, we find, for the direction through P corresponding to 
du\ : du % : du 3 , the intersection of the polars of (d^, du 2 , du 3 ) with respect to 

(«33 As — «23 Ab) du% + 2 (a 22 /^ — ogg ^ dw 2 dw 3 + (a 23 /? 22 — a^ /? 23 ) cZ«l = 0, 

(«33 723 — «23 733) ^ W 2 + 2 ( a 22 ^33 ~ <*33 ^22) du % du Z + («23 l#33 ~ «22 Pzs) du% = 0. 

The direction required is therefore determined by 

[(«bsAs - ^softs) dth + («23i?as - «s 8 Aa) <*%] <H + [(«82#S3 - "ss^ss) ^«2 + («ss As - «22&s) d«s] <H = 0, 1 . . 

[(«33r2S-%ir83)dW2+(%!r8S-%Sr22) d %]^ M 2 + [(%!r^ 

Hence, in general, 8u z = <5w 3 = 0. 

If, however, du % and efo% satisfy the condition 

a g3 du% — a 23 du z du 3 + a^ du% = 0, (7) 

equations (6) become identical. The tangent JS 3 at the consecutive point 
(mj -\- du lf u 2 + du % , u 3 -j- du 3 ) now intersects the tangent S 3 at P in a plane 
through the invariant line du 2 = du 3 = and through the tangent to the two- 
spread Mj = const, determined by (6). 

Moreover, if du % : du 3 is one solution of (7), then the value of §u 2 : 8u 3 
corresponding to it in equation (6) is the other solution of (7). Hence, if P 
is an arbitrary point of the three-spread, two distinct or coincident planes pass 
through the invariant line through P such that, if P' is consecutive to P in one of 
these planes, the tangent S 3 at P' intersects the tangent S 8 at P in the other plane. 

22. These planes are invariant as P moves along the invariant line. For, 
differentiating equation (4) or (4"') with respect to u 1} we find, since the three- 
spread satisfies only four homogeneous linear partial differential equations of 
the second order, that the ratios a^ : a 33 : a^ are independent of t^ . Hence, 
equation (7) is independent of u x . 

If the three-spread is a cone, the above theorem follows at once from known 
properties of two-spreads satisfying an homogeneous linear partial differential 
equation of the second order.* 

* Segre, loc. cit., p. 576. 
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23. We shall now distinguish two cases according to the equality or in- 
equality of the roots of equation (7). Suppose first that the roots are unequal. 

If the three-spread is a cone, it is, in this case, simply the projection of a 
two-spread having two distinct systems of "characteristic lines."* 

If the three-spread is not a cone, it is generated in two ways by a system oo x 
of cones or of developables whose generators are the invariant lines of the three- 
spread and whose edges of regression form a system of characteristic lines on a 
two-spread lying on the given three-spread. 

For, since equation (7) is independent of u lf and since the roots of (7) are 
unequal, they may, by a transformation of the parameters u % and tig, be reduced 
to dux = and du 3 = 0. We then have, in equation (4), c x = d = 0. Hence, 
from equations (1) and (2) it follows that the two-spreads u s = const, are 
developables or cones. Similarly, from (1) and (3) it follows that the two- 
spreads i*2 = const, are developables or cones. 

If both systems are cones, the equations of the three-spread may be 
reduced to 

»i =/i(«l, «fj> *fs) = &(«») + "AW, * = °> h , n > 

The three-spread is therefore generated by the lines cutting each of two curves. 
Conversely, any three-spread generated by the common secants to two 
curves, has its tangent S s invariant along the secant lines. For, putting the 
equations of the three-spread in the above form, we obtain : 

If the two-spreads of at least one of the two systems are developables, the 
equations of the three-spread may be put into the form : 

«* =fi («i> «%, «s) = 9i K, «b) + «i#! («», O, * = 0, 1, , n. 

From equation (2) it follows that 

g z3 = ag + (3g z + yg 3 . (8) 

Hence, the two-spread, 

a* = 9t ( u z> u 3), i = 0, 1, , n, 

formed by the edges of regression of the developables u z = const., has two 
distinct systems of characteristic curves. From the form of equation (8) it is 
seen that one of these systems of characteristic curves is the system u % = const., 

t The "caratteristiche" of Segre. 
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i. e. the edges of regression themselves. The other system is formed by the 
curves u% = const. These are the curves in which the generators of the second 
system of developables or cones touch the two-spread. Hence, the generators of 
the three-spread which touch the two-spread along a characteristic curve of the second 
system, generate a developable or cone. 
Conversely, let 

«k = 9i ( u z> u s), * = 0, 1, , n, 

be a two-spread having two distinct systems of characteristic curves, and let 
u 2 = const, and u 3 — const, determine these two systems of curves so that 

g 23 = ag + (3g z + yg s . 

Then the three-spread generated by the tangents to either system of characteristic 
curves, for example, the three-spread 

a* = fi ( M i i «», «») = 9t («» i «s) + «i fltf («a i w s), • = 0, 1, , », 

satisfies the four equations 

/ U =0, 

f lz = af+bf 1 + cf + df\ 

f» = a 1 f+b 1 f l + c 1 F + d 1 f; 

and therefore has the lines w 2 = const., u 3 = const, for invariant lines. From 
the form of the last equation, the roots of equation (7) are seen to be distinct. 

Hence, the necessary and sufficient condition that a three-spread be generated by 
lines in such a way that the tangent S s along each line is invariant and that the two 
planes of intersecton of this JS 3 with the tangent iS s along consecutive generators are 
distinct is that the three-spread (a) be the projection from a fixed point of a two-spread 
having two distinct systems of characteristic curves, or (b) be generated by the lines 
intersecting each of two fixed curves, or (c) be generated by the tangents to a system 
of characteristic curves on a two-spread having two distinct systems of such curves. 

24. Suppose, next, that the roots of (7) are equal. If this condition is 
satisfied, the cones which intersect in the three-point tangents at P have a 
common component. The plane so determined is a component of the tangent 
cone at P to the section of the three-spread by every hyperplane through the 
tangent S 3 at P. Every line in the plane through P is, therefore, a three-point 
tangent at P. Since this plane is invariant as P moves along the invariant line, 
every line in the plane has three-point contact with the three-spread at its inter- 
section with the invariant line. 
15 
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Conversely, if a three-spread which does not satisfy more than four homo- 
geneous linear partial differential equations of the second order has, at each point, 
a continuum of three-point tangents, these must form a pencil, since, otherwise, 
the section by an arbitrary hyperplane would lie in an S 3 . The plane of this 
pencil must be a component of the tangent cone at its vertex to the section of 
the three-spread by any hyperplane through the tangent S s at the vertex. 
Hence, the three-spread, since it is not generated by planes, is generated by 
lines in such a way that the tangent fi 3 is invariant along each line, and also in 
such a way that the roots of equation (7) are equal. 

If the three-spread is a cone, the condition that the roots of (7) be equal 
reduces, when the values of a*®, a^ and a^ are substituted in from equation 
(4'"), to 

This, however, is the condition that the two-spread x i = g i (u 2 , u s ) have, at each 

point, a three-point tangent. A three-spread cone, therefore, will have, at each 

point, a pencil of three-point tangents if, and only if, it is the projection of a 

two-spread having, at each point, a three-point tangent. 

If the three-spread is not a cone, the condition that the roots of (7), i. e. of 

(4), be equal reduces to 

(c?i — c) 2 + 4 cj d = 0. 

Since the ratios c^-.d^ — c: — d are independent of %, equation (4) may be 
reduced to the form : 

f 2 = a 2 f+b 2 f + c 2 f + d 2 f. 

"We now have d = 0, d x = c. From equations (1) and (2), therefore, it follows 
that the two-spreads v^ = const, are developables or cones. They can not be 
cones; for, if they were, the three-spread itself would be conical, or else 
generated by planes. They are therefore developables. The equations of the 
three-spread may, therefore, be put into the form 

»« = /{ («i, %, «s) = 9i («», %) + % 9* («a, «b), • = 0, 1, , n. 

From equations (2) and (3) we now obtain 

g* z = ag + (3g 2 + yg 3 . 
Hence the edges of regression of the developables u 8 = const, are three-point 
tangent curves on the two-spread : 

«i = 9i (« 2 , O, i — 0, 1, , n. 
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Conversely, consider a three-spread generated by a system of three-point 
tangents to a two-spread. Let the equations of the three-spread be 

»i = ft («i, w 2 , «b) = 9i («2, «s) + «i 0* K, "s), i = 0,l, , n, 

in which, since the generators of the three-spread are three-point tangents to the 

two-spread, 

g 22 = ag + (3g 2 + yg 3 . 

It therefore follows that the three-spread satisfies the four equations: 

f 11 = 0, 

J — v V ' 

r = aj+hf + Cl p + ±f, 

f w = a Z f + hf 1 + c 2 f+d 2 p. 

Hence, the necessary and sufficient condition that a three-spread not generated 
by planes nor lying in an S t have, at an arbitrary point, a pencil of three-point 
tangents is that it (a) be a cone projecting a two-spread which has, at each point, 
a three-point tangent, or (6) be generated by a system 00 2 of three-point tangents to a 
two-spread. 

It will be supposed throughout, hereafter, that the tangent cones at P to 
the sections of the three-spread by the hyperplanes through the tangent S 3 at P 
are not all composite. Of the four generators of intersection of the cones of this 
pencil at P two or more may be consecutive. It will next be determined under 
what conditions it may happen that : 

Case 2. Two Three-Point Tangents Are Consecutive. 

25. Let ^2 = const., u 3 = const, determine the system of curves the tangents 

to which count twice as three-point tangents to the three-spread. Since the 

3 3 

cones 2 e nk du h du k = and 2 g hk du h du k =:0 touch along du« = 0, du 3 = 0, 

h,k=l h,k=l 

two of the four differential equations satisfied by the three-spread may be 
written in the form : 

f n = a 1 f+b 1 f + c 1 f + d 1 f, (1) 

/" = aj + \f + cj* + d % P + eju. (2) 

It will be supposed, in this case, that the other two three-point tangents 
at an arbitrary point are distinct. The three-spread therefore lies in an £ 6 . 
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Most of the results of the present discussion of this case, however, hold for any 
three-spread which satisfies two equations which can be reduced to the form of 
equations (1) and (2), and which therefore contains a system oo a of curves the 
tangents to which count twice as three-point tangents. 

3 3 3 8 

Since the cones 2 2 e hk du h du k = and 2 2 g^k du n du k = 0, at an 

h=l k=l ' h=l k=l 

arbitrary point P on the three-spread, touch along du 2 = du s = 0, the tangent 
determined by du z = du s = also counts twice as a fundamental tangent in 
the birational correspondence (^[ 15) between the tangents at P. Hence, 
the tangent S3 at a consecutive point {u x + du u u^, u s ) on u 2 = const., t% = const, 
intersects the tangent S 3 at (%, u 2 , %) in a plane which passes through 
du z = du 3 — and the discrete fundamental line. 

26. Suppose, first, that the plane of intersection of consecutive tangent S 3 
along an arbitrary curve of the system u 2 — const., u 3 = const, is invariant. 
The curve u 2 = const., u 3 — const, lies in this plane and the three-spread is 
touched along the curve by the plane. 

The three-spreads which are touched along non-rectilinear plane curves 
by a system 00 % of planes will be discussed in Case 5. Suppose therefore, for 
the present case, that the curves u 2 = const., u 3 = const, are straight lines. 
The necessary and sufficient condition that a ruled three-spread be touched along each 
generator by a fixed plane is that the three-spread be generated by a system 00 1 of 
developables or cones. 

That the condition is sufficient follows from the fact that the tangent plane 
to the developable or cone touches the three-spread along the generator. To 
show that the condition is necessary, let the equations of the three-spread be 
written in the form : 

«i =/♦ i u u u z, u s) = 9i {">%, «b) + u i h K> «b)» * = 0, 1, , n. 

The tangent S 3 at (u lf u z , u s ) is determined by the generator through the point 
and by the line L joining x t = gf + u x h t to x i — gf + u-Jif. Since, for all values 
of %, the tangent S 3 contains a fixed plane, the line L must, for all values of u 1} 
meet the plane in a fixed point or in a fixed line intersecting the generator 
through («j, u % , %). In either case, there exists a value of u x such that 

a (g z + «i h z ) + b (g s -f- u x h 3 ) + eg + d h = 0. 

By a suitable transformation of the parameters this equation may be reduced 
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either to g s = h or else to g 3 = 0. Hence, the three-spread is generated either 
by developables or by cones. 

27. Suppose, next, that the tangent #3 along u z = const., t% = const, all 
contain a fixed straight line. Since three consecutive S 3 of the system all pass 
through each point of the curve w 2 = const., % = const., the straight line common 
to the tangent S 3 must coincide with u z = const., u 3 = const. The three-spread 
is therefore ruled. Let its equations be : 

«i = f t («i, u z , u 8 ) = g t (u z , u 3 ) + u x ^ {u z , Us), i = 0, 1, , n. 

Equation (2) is now the condition that the six points 

«t = 9i, Xt = K as, = 9!, x i = h h x i = 9f, x i = hf, * = 0, 1, , n, (a) 

lie in an /%. Conversely, if these six points lie in an #4, equation (2) is satisfied 
and the generators count twice as three-point tangents. But the six points (a) 
lie in $ if, and only if, the tangent planes to the two-spreads a? 4 = g t (u z , w 3 ) and 
x t = h { (u 2 , Us), at corresponding points, intersect in a point. Hence, the necessary 
and sufficient condition that the rectilinear generators of a ruled three-spread count 
twice as three-point tangents to the three-spread is that they join corresponding points 
of two two-spreads the tangent planes to which, at corresponding points, intersect 
in a point. 

The tangent £ s tothe three-spread along the generator m 3 = const., u s = const, 
envelope a quadric hypersurface in the S t determined by the points (a). This 
hypersurface has the generator for double line. For, the tangent S 3 at (u 1} u z , u s ) 
is determined by the generator through it and the line joining 

«i = 9* + «i hf to «i — 9! + u i h t, * = 0, 1, , n. 

When u x varies, the latter line describes a regulus and the S 3 determined by it 
and the fixed generator envelopes a quadric hypersurface. 

28. Suppose, finally, that the tangent S 3 along an arbitrary curve of the 
system u z = const., t% = const, have, at most, a point in common. We have 
seen that the tangent 8 3 at ( u i + ^ u i > u a> u s) intersects the tangent S 3 at 
(u 1} u z , u 8 ) in a plane through du z = du 3 = and the discrete fundamental line. 
Three consecutive tangent S 3 along u z = const., u^ = const., therefore, intersect 
in a line. Since the osculating plane to u z — const., u 3 = const, lies in the 
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tangent S 3 , this line goes through (u 1} v^, u^). It coincides, in fact, with the 
discrete fundamental line at (u lf u 2 , u 3 ). For, let 

r = <w + *«r + c 22 f + d^f + e^r + g^r, w 

/» = a*/ + b 23 f + cnf + d, 3 f + %/ 13 + fe/ 33 (4) 

be the remaining two differential equations satisfied by the three-spread. Then 
the line of intersection of three consecutive tangent S 3 passes through (u lr u 2 , u 3 ) 
in the direction 

ye 2 . g2Z -2e 2 g Z3 + l ^ _. _du 2 _ ^ 

e 2 .e 2 . (e 23 g^ e w g 23 ) -f- e 2 e 22 — % e 2 

But this is also the direction of the discrete fundamental line at (u 1} u 2 , u 3 ). 
Along each curve u 2 = const, « 3 = const., therefore, the discrete fundamental 
lines generate a developable or cone. This developable or cone, obviously, 
touches the three-spread along u 2 = const., u 3 = const. If the locus of the 
discrete fundamental lines is a developable, the osculating S 3 to the edge of 
regression to any point is the tangent 8 3 to the three-spread at the corre- 
sponding point. 

Conversely, let u 2 = const., u 3 = const, be a system of curves on a three- 
spread 

«* = /« («h, u z, «a), » = 0, 1, , n, 

such that the tangent 8 3 along an arbitrary curve of the system envelope a 
developable which touches the three-spread along the corresponding curve 
u 2 = const., u 3 = const. Let the equations of the three-spread generated by 
the edges of regression of these developables be 

x { = F t (u lf u 2 , u 3 ), i = 0, 1, , n. 

It then follows that : 

f t = aF t + pF}, f! = a t F t + P,F?+ n I?+&,ir, < = 0, 1, . . . ., n, 

f^a^ + ^Fl + ^F?, fi = a a F i + (3 3 Fl+y 3 F i *+S 3 F*\ i = 0, 1, . . . ., n. 

From these equations, it follows that the three-spread x i = f i satisfies equations 
(l) and (2). It is similarly seen that if the tangent S 3 to the given three-spread 
along u 2 = const., u 3 = const, envelope a cone which touches the three-spread 
along u % = const., u 3 = const., then equations (l) and (2) are satisfied. Hence, 
the necessary and sufficient condition that a system <*> z of twisted curves which generate 
a three-spread count twice as three-point tangent curves, is that the tangent S 8 to the 
three-spread along each curve of the system envelope a developable or cone which touches 
the three-spread along the curve corresponding to it. 
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Case 3. Two Pairs of Three-Point Tangents Are Consecutive. 

29. Let the directions of the two three-point tangents at an arbitrary point 

pk p, 

be du % = du 3 = and du x = 0, du s = a du % . Denote » 1- a ~ — by A. Since 

OVi% &u 3 

the three-spread has only a finite number of three-point tangents, A/ 1 does not lie 
in the tangent S 3 . The four differential equations may therefore be reduced to: 

f n = aif+b 1 f + c 1 Af + d 1 f, (1) 

/» = aj + b z f + c 2 A/ + d,f + e 2 A/ 1 , (2) 

A (A/) = a,/ + 63/ 1 + c 3 Af + d 8 f, (3) 

A/ 3 = aj + 6 4 /i + c 4 A/ + d 4 / 3 + e 4 A/ 1 . (4) 

From (1), the point x t = A/ 11 is seen to lie in the S t determined by the 
five points: 

*t =U ®i =fl, ®i =f!, «i =f!, ®i = A/, 1 , • = 0, 1, , n. (5) 

Hence the point x t = ~— (A//) = A/ 4 U + ~— // 3 lies in, this /% . Similarly, it is 

seen from (3) that the point x t = A (A//) lies in the same # 4 . Differentiating 
(2) with respect to u 1} x t =f} 18 is seen to lie in the # 4 of (5). Hence, differen- 
tiating (1) with respect to u 3 , we find d 1 =^0, since x i = ff s can not lie in this /%. 
In the corresponding way it can be shown that d 3 = 0. From (2) we find that 

Xi = A/ 13 lies in the tf 4 of (5). Similarly, from (4), x t = S- (A/ 3 ) lies in this S A . 

But J^ (A/ 3 ) = A/ 13 + J^/ 33 . Hence, J£ = 0, since as, =/f does not lie in the 

JS t of (5). By a transformation of curvilinear coordinates of the form ^ = %, 
^2 = <£> (tig, iig), m 3 = 4- (u 2 , %), therefore, a may be reduced to zero. 

Suppose this transformation effected. The four equations now become : 

r = a 1 f + l l f + c l f, (10 

f» = a,/ + b 2 f + c 2 f + <* 2 / 3 + 4,/m (2') 

/ 22 = «3/ + & 3 / 1 + c 3 / 2 , (3') 

/» = a 4 / + 6 4 f + Ci f + d,f + e 4 /». (40 

From the first and third equations it follows that the two-spread «g = const, 
has two distinct systems of three-point tangents at each point on it. It therefore 
lies in an S 3 . This S 3 is determined by 

a* =/i, Xi=fi, Xi =/♦*, as, =/ 4 la , • = 0, 1, , n. 
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The consecutive S 3 is determined, to infinitesimals of the second order, by 
x i=fi+fldu s , sB t =fi+f?dtt t , x i =f!+fi 3 du 3 , x i =fl z +fi 23 du s , »=0,1,. . • .,n. 
But x, =/f and as, =/f 3 lie in the S t of 

x i = fi> a3 * = /i, a5 i = /«» X i—Jii x i = fi > t + 0, 1, • . . ., n. 

Hence, the # 3 which contain any two consecutive two-spreads w 3 = const, lie in 
an /Si and therefore intersect in a plane. 

The equations of the three-spread can therefore always be put in one of the 
following forms : 

X i =fi fa, «2, «s) = 4 («l, «2, «b) & («s) + 4 («i, «», %) & 3 (m 3 ) 

+ 4 («ii «2> u s)g? («s) + 4 («1, «2, m 3 ) sf 3 (%), • = o, i, . 

«!«=/* (%, «8, «%) = 4 K, «%, «b) g t (Us) + ?! (w 1} « 3 , « 3 ) gtf (tf,) 

+ 4 («i, «f», «a) 0™ (m 8 ) + 4 Kf m 2 , u s) Mi, i = 0, 1, . 

X i = /i («1, M 2, «s) = 4 («1, «s, «s) 0i («s) + 4 («!, %, « 3 ) fltf («a) 

+ 4 (%, «2, «b) A + 4 («l ,' M 3 , Mg) JMJ , t = 0, 1, . 

»i =fi («li «8, «s) = 4 («1, «3, «s) #i («s) + 4 (Ml, Mg, tfa) JT« 

+ 4 (mi, m 2 , m 3 ) A + 4 (mi, « 2 , m 3 ) jm; , i — o, i, . 

where K if L % and i/^ are constants. 

30. Conversely, any three-spread, the equations of which are of any one 
of these four forms, and on which the asymptotic lines of the three-dimensional 
surfaces u 3 = const, of the system 

x j = h ( M i, «2» «u)> J — 0, 1, 2 > 3, 

are distinct, has, at an arbitrary point, two tangents each of which counts twice 
as a three-point tangent. 

For, transform the parameters u x and u 2 in such a way that u % — const, and 
u 3 = const, are the asymptotic lines of the surfaces u^ = const. Then 

If = a x Z, + M)+ Ci?l, j = 0, 1, 2, 3; 

If = a z lj + b, 1} + c z If , j = 0, 1, 2, 3. 

Prom these equations, equations (1') and (3') follow. 

Moreover, x t =fl s and x t = ff 8 lie in the S t determined by the tangent JS 3 
and x i =fj z , from which equations (2') and (4') follow. 
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Hence, the necessary and sufficient condition that a three-spread have, at an 
arbitrary point, two pairs of consecutive three-point tangents is that it be generated 
by a system oo 1 of surfaces, the asymptotic lines of which are distinct and which lie 
in a system oo 1 of JS 3 such that consecutive S 3 intersect in a plane. Such a three- 
spread does not, in general, lie in an # B . 

Case 4. Three Three-Point Tangents Are Consecutive. 

31. Suppose, first, that the threefold three-point tangent curves are straight 
lines. Let the equations of the three-spread be : 

** =/« («i, m 3 , « 3 ) = 9i (u» f «s) + % K («•, «a), » = 0, 1, , n. 

The conditions that the lines u 2 = const., u 3 = const, count three times as three- 
point tangent lines are that the three-spread satisfy the three equations : 

/" = 0, (1) 

/» = a J + b 2 f + c 2 f + <kf + e 2 f*, (2) 

r - 2 e 2 f™ + e, . e 2 f*> = a 3 f + b 3 f + c 3 f + d 3 f + «,/». (3) 

By differentiating (2) with respect to u 1} we find that d 2 e 2 = — fc 2 + -^~ ]. 

But, by differentiating (2) with respect to w 2 and u 3 and (3) with respect to %, 

we find that d 2 e 2 = 2 «-^ — c 2 . Hence ^-^ = 0. Hence, e 2 is independent of % . 

By a transformation of the parameters w 2 and u 3 which is independent of u 1} 
therefore, e 2 may be reduced to zero. Suppose this done. Since c 2 is now also 
zero, the two-spreads u 2 = const, are either developables or cones. 

32. First, let the two-spreads u 2 = const, be developables. The equations 
of the three-spread may now be written in the form : 

a-i =/* («i> «2, «a) = 9i (« 2 , «a) + «i 9t (« 2 , «s), 
Equations (1) and (2) are now satisfied. The S t of 

x i = fi) a; i = /i> ^i—fif a3 i = /i> x i = fi » 

coincides, for all values of w x , with the S t of 

Xi = gi, Xi = g\, Xi = 9i, «i = gf, ^ = gf, 

Since e 2 = 0, (3) reduces to the condition that 

g m = a i g + b i g" + c i9 s + d i9 ™ + e.g 33 . (4) 

16 
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Hence, at any point P of any curve u 2 = const, on the two-spread x % = g t (u 2 , u B ), 
the osculating S 3 to the curve lies in the /% determined by the tangent planes to 
x % = g t (u 2 , u 8 ) at P and at the consecutive point on u z = const. 
Conversely, let 

Xi = ffi(u z , u 8 ), i = 0,l, , n, 

be a two-spread in S n which contains a system oo 1 of curves such that, at an 
arbitrary point P of a curve of the system, the osculating 8 3 - to the curve lies in 
the Si determined by the tangent planes to the two-spread at P and at the 
consecutive point along the curve. Such a two-spread satisfies a differential 
equation which can be reduced to the form (4). The tangents to the curves 
of the system generate a three-spread the equations of which then become : 

a* = ft ( u i> u z, u s) = ffi K, w s) + «i ffi ( u z, u s), i = 0, 1, ,n. 

This three-spread satisfies equations (1), (2) and (3), and therefore its generators 
count thrice as three-point tangents. 

33. Suppose, now, that the two-spreads u 2 = const, are cones. Let the 
equations of the three-spread be written in the form: 

Xi =fi {ui, u 2 , Us) = 9i («», i*a) + «i K K), » = 0, 1, , n. 

Since e% = 0, the condition that (3) be satisfied reduces to 

g ss = a & g + h & g" + c 5 g s + d 5 h + e 5 hK (5) 

Hence, at any point P of an arbitrary curve u 2 = const, on x i = g t (u 2 , u 3 ), the 
osculating plane to the curve lies in the $* determined by the tangent plane to 
Xi = g t (« 2 , "3) at P and the tangent line to x { = h t (u 2 ) at the vertex of the cone 
through P. 

Conversely, let V be a two-spread and O a curve in S n . Let there corre- 
spond to the points P x of G the curves C x of a system on 7 such that the 
osculating plane to an arbitrary curve G x of the system at any point P on it 
lies in the S± determined by the tangent plane to V at P x and the tangent line 
to at P x . Then the parametric equations x t = g t (u 2 , u 3 ) of 7 and x t = A 4 (u 2 ) 
of C can be set up in such a way that (5) is satisfied fox all values of i, and 
therefore that the three-spread 

set = ffi ("2, «a) + «i h (« 2 ), • = 0, 1, , n, 

generated by the lines joining the points of each curve C x to the corresponding 
point P of G, satisfies (l), (2) and (3), and therefore has its generators for three- 
fold three-point tangents. 
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Hence, the necessary and sufficient conditions that the rectilinear generators of 
a ruled three-spread count thrice as three-point tangents are (a) that the three-spread 
be generated by developables whose edges of regression form a system of curves O on 
a two-spread V such that the tangent S$ to a curve C of the system at a point P on it 
lies in the Si determined by the tangent planes to V at P and at the consecutive point 
of C, or (b) that it be generated by cones projecting from the points of a curve C 
a system of curves on a two-spread such that, at any point P on the two-spread, the 
osculating plane to the curve through P lies in the Si determined by the tangent plane 
to the two-spread at P and the tangent to G at the vertex of the cone which has the 
curve through P for directrix. 

34. If, in addition to (1), (2) and (3), the three-spread satisfies a fourth 
homogeneous linear partial differential equation of the second order, it has, at 
each point, a fourth three-point tangent. This three-point tangent is, in general, 
distinct from the rectilinear generator, in which case the three-spread lies in an 
S 6 . Conversely, if the three-spread lies in an S B it has, at each point, a fourth 
three-point tangent. 

35. We shall now consider the case where the threefold three-point tangent 
curves u % = const., u s = const, are not straight lines. The conditions that the 
tangents to these curves count thrice as three-point tangents are : 

/« = aj + hf + c x f + d,f, (1) 

f = «,/ + b 2 f + c % f + d,f + e % r, (2) 

/33 _ 2 ^j* + e2 e%r = a3f + hf i + Csf + d3 f + eg/ i3. (3) 

Differentiating (1) with respect to u % and u 3 and with respect to u 1} we find: 

^ u m - %n + <h cf 3 -. %n = «*/ + hf +Cif+ dip + eif™. 

Hence e 2 = — -±, since, otherwise, the curves u z = const., « 3 = const, would 
a 1 

count four times as three-point tangents. Hence, differentiating (l) with respect 

to u x , we have : 

f m = a 6 f+b 6 f + c 6 f + dj 3 . 

Hence, the curves u 2 = const., u% = const, are four-point tangents to the three- 
spread. 

Conversely, let u z = const., u 3 = const, be a system of non-rectilinear four- 
point tangents to a three-spread : 

ai=/i(«i, «», «%)> * = 0, 1, ,n. 
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Equation (1) is at once satisfied. Moreover, c x and d x are not both zero, since 
u% = const., Ug = const, are not straight lines. Let d x :£ 0. Differentiating (1) 
with respect to u x , we obtain, since x i =fl n lies in the tangent S 3 : 

dtf s = aj + b 6 f + c 6 f + d,f- cj*. (2') 

Hence (2) is satisfied. Differentiating (1) with respect to u % and u 8 and (2') 
with respect to u x , we obtain : 

<k <hr + 2 <h cj 28 + Cl cyf* = a,f + b n f + c,f + d,f + ej™. 

Hence (3) is satisfied and the curves u% = const., u 3 = const, are threefold three- 
point tangent curves. 

Hence, the necessary and sufficient condition that a system of non-rectilinear 
three-point tangent curves on a three-spread count thrice as three-point tangent curves 
is that the tangents to these curves be four-point tangents to the three-spread. 

If the three-spread satisfies, in addition to (l), (2) and (3), a fourth differen- 
tial equation of the second order, it has at each point a fourth three-point tangent. 
This three-point tangent is, in general, distinct from the four-point tangent, in 
which case the three-spread lies in an S 6 . Conversely, if the three-spread lies 
in an S 6 , it has, at each point, a fourth three-point tangent which is, in general, 
distinct from the four-point tangent. 

Gase 5. Four Three-Point Tangents Are Consecutive. 

36. Suppose, first, that the fourfold three-point tangent curves u % = const.,- 
w 3 -= cont. are straight lines. Let the equations of the three-spread be : 

*i = ft (mi, «2, u s) = 9t («2, %) + «i h («a, «s), i = 0, 1, , n. 

The conditions that the generators count four times as three-point tangents are : 

/" = 0, (1) 

/» = a,f + b 2 f + c 2 f + d,f + e % f\ (2) 

f* - e 2 f* = <hf + hf 1 + c 3 f + d 3 f + e 3 f*, (3) 

/* - e z f* = a J + hf + cj z + dj 3 + ej™. (4) 



Differentiating (2) with respect. to u x and substituting f t = <^ -f- u x h it we find 

that e» = — ,. , where a, b, c and d are independent of u y . But ad — be = 0. 
cu x -\- d 

For, otherwise, it follows from (3) and (4) that the three-spread lies in an S t . 
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Hence e 2 is independent of u x , and, by a transformation of the parameters u 2 
and u 3 , may be reduced to zero. The four equations now become: 

f n = o, (10 

f ls = a 2 f+b 2 f + c 2 f + d 2 f, (2') 

f» = a 3 f + b 3 f + c 3 f + d 3 f + e 3 f\ (3') 

/» = aj + &,/ 1 + cj* + dj s + 6 4 / 12 . (40 

Differentiating (20 with respect to u z and (40 with respect to %, we find 
e 2 = 0. Hence, the two-spreads u 2 = const, are developables or cones. Differen- 
tiating (10, (20 and (30 successively with respect to u x and u 3 , we find that the 
developable or cone u 2 = const, lies in the # 4 determined by 

as* =/i, as, =//, aJ { =f!, x,=ff, as, = / t » t = 0, 1, . . . . , n. 

But cc i =/f, and its consecutive derivative points with respect to u t and M 3 ,also 
lie in this Si . Hence, the consecutive two-spread, corresponding to the value 
u 2 + du 2 of the parameter, also lies in this Si. Bach two-spread, therefore, 
lies in the intersection of two consecutive $ . Hence the three-spread is gene- 
rated by a system oo x of developables or cones lying in a system oo 1 of S 3 such 
that consecutive S s lie in an Si and therefore intersect in a plane. 

Conversely, it is seen, by an argument analogous to that given in Case 3, 
that a three-spread generated in this manner satisfies four equations of the type 
(1), (2), (3), (4) and, therefore, that its rectilinear generators count four times 
as three-point tangents. 

Hence, the necessary and sufficient condition that the generators of a ruled 
three-spread count four times as three-point tangent curves is that the three-spread 
be generated by a system oo 1 of developables or cones lying in a system of S 3 such 
that consecutive S 3 intersect in a plane. The three-spread does not, in general, 
lie in an S 5 . 

37. Suppose, now, that the fourfold three-point tangent curves u 2 = const., 
u 8 = const, are not straight lines. The conditions that the curves u 2 = const., 
w 3 = const, count four times as three-point tangents are : 

f u = a 1 f+b 1 f 1 + c 1 f + d 1 f, (1) 

/ 13 - e,r = <hf + hf 1 + c 2 f + d 2 f, (2) 

/» - e 2 r = <hf + hf + cs/ 2 + d 3 f + e 3 f™, (3) 

/» _ e 2 f* = aj + hf + Cif + dif + eif\ (4) 

From (3) and (4) we obtain at once : 

Z 33 - 2 e 2 f* + e 2 e 2 f* = a,/ + hf + c 6 f + d B f + e 6 f*. (5) 
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Moreover, e 5 zfz o, since du x = 0, du % + e 2 du 3 = does not determine a three- 
point tangent. 

Differentiating (2) with respect to u z and u 3 , we find that 

*,=/?»- 2 etfn + Mf* 
lies in the Si of 

»i=/o «*=/♦, &i=fi, ««=/*, Xi=fl\ »=0, 1, ..-., n. (6) 

Hence, by differentiating (5) with respect to w x , we find that a; i =// 12 lies in 
this $ . Differentiating (1) with respect to u x , we now find that c a -f- c^eg = 0. 
Hence (1) may be written in the form : 

/" = a J + b 6 f + d 6 (f - e 2 f). ( l') 

Differentiating this equation successively with respect to u x , it is found that the 
curve Wg = const., u 8 = const, lies in the Si of (6). It follows that this curve 
must be a plane curve. For, otherwise, by expressing f z and / s in terms of 
/, f 1 , /" and f m , it would be seen that the entire three-spread lay in this S 4 . 

Hence : 

f m = a 6 f + b 6 f + c 6 fK (7) 

From equations (1) and (7) all the others follow. Hence, if a system of non- 
rectilinear plane curves are three-point tangent curves to the three-spread, they are 
fourfold three-point tangent curves. 

38. Let the equations of the three-spread be put in the form 

*i = fa ("i, m 2 , «s) 9w («», w s) + fa (%, «a, Us) 9u (« 2 , th) + fa («*,, u % , u 3 ) g 2i (u s , u 3 ), 

i = 0,l, . . . ., n. 

By a linear transformation of fa, fa, fa, the two-spreads Xi — g^, x i -=.g Xi and 
x i =g Zi may be taken to be two-spreads which lie on the three-spread. Suppose 
this transformation effected. For each pair of values of u % and u s , the curve 
1% = const., u s = const, goes through the points Xi = g m , x i = g Xi and x t -=g iit . 
Equation (1') now becomes: 

faiffl — e,g$) + fa (0i— <%0f) + $»(& — %gf) = ag + /3g x + yg 2 . (l") 

Let ego, e zl and e 2a be the values of e a at x t = g ot , x % = g u and x t = g u respectively. 
Substituting into (1") the values of u x which give rise to these three points and 
simplifying (1") by means of the resulting equations, we obtain : 

fa (%> — «z) 9% + fa(em — e 2 ) g\ + fa{e z% — e % )g% = a 1 g + x g x + y x g 2 . 
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But the plane of x t = gl if x t = g\ u x t = g\\ can not have more than one point 
in the plane of x i = g 0i , x i , =-g li , Xi = g 2i . For, otherwise, the five points (6) 
would lie in an S 8 and the three-spread would satisfy five homogeneous linear 
partial differential equations of the second order. Hence, 

<?>o( g 20— e %) = fo (ggl — %) — ^fe — %) 
<J dy <7 2 

where cr , a x and c 2 are independent of u t . 
Eliminating e 2 , we now obtain : 

<f> fa a 2 (e 20 — e 21 ) + tyy q> 2 ct (e 21 — e^) + $ 2 $„ Cj (% — e^) = 0. 

Since this equation is of second degree in $ , fy and $ 2 , the curves 
u 2 = const., u 3 = const, are conies. 

Consider the four-spread generated by the planes of these conies, 

a* — 9m (« 2 , ih) + «i 9i« («2, «a) + «g 9m ( u z, «3), * = 0, 1, , n, 

where v 1} %, u 2} u 8 are the parameters. The tangent /Si at any point is the /Si 
of the points (6). It is therefore invariant over each plane u 2 = const., w 3 = const. 
39. Conversely, let 

a* = 9o* («g, «s) + «i 9k («2, "a) + v t g M (« 8J %), » = 0, 1, , n, (8) 

be a four-spread generated by planes in such a way that the tangent /Si is in- 
variant along each plane. Let x t = 6 t and x t = ^i be two of the six points, 

x i = 9o*> ^4 — 9li > ^i = 92i > ^i = 9<K > ** == 9li ) x i — 9%i> * = 0, 1 ,...., «, 

which do not lie in the plane u 2 = const., « 3 = const. Let 

9o = «i9o + &9i + 7i92 + <*o0 + *o^i 
9o = « 2 9o + Pi9i + 7x9% + M + po^, 

and similarly for <?f, #f, gr| and g%. 

Then the points in the plane u 2 = const., u 3 = const, which also lie in a con- 
secutive plane must satisfy the equations : 

du 2 (<7 + Vi Oi + V 2 C 2 ) + du s (Tig + <0 X 7t x + flg 7t 2 ) = 0, 

du 2 (t + v 1 v 1 + v 2 <r 2 ) + du 8 (p„ + «i pi + » 2 P2) = 0. 
They therefore lie on the conic : 

Oo + ViGi + V.^2 7t + V 1 7l 1 -\-V 2 7l 2 __ 
*0 + «I*1 + «1*8 PO + «1 pi + «« p2 



128 Sisam: Three-Spreads Satisfying Four or More, Etc. 

This conic may be composite. Its locus is then a ruled three-spread. Excluding 
this case, let 

v _ 3>l(*fli«8>«8) v _ 4> 2 («i,m 2> w 3 ) 

satisfy (9) identically. Then the three-spread, 

Xi =fi («i, «2, «3) = <?>o («i, «2, «a) 9m i?h, «s) + #i K, «2, *%) 0w ( m 2, «s) 

+ 4>2 ("i, «2, u 3 ) g n (u u u z ), i = 0, 1, , n, (10) 

satisfies two equations of the forms (1') and (7). The conies u % = const., 
« 3 =const. on it therefore count four times as three-point tangent curves. 

Since the conies (9) are not composite, the four-spread (8) satisfies nine 
homogeneous linear partial differential equations of the second order. Since 
the four-spread is not generated by S 8 in such a way that consecutive # 3 intersect 
in a plane, it lies in an S 5 . Hence, the three-spread (10) lies in an S s . 

Hence, the necessary and sufficient condition that a system oo z of non-rectilinear 
plane curves which generate a three-spread be three-point tangent curves to the three- 
spread, is that they be the system of conies in which each plane of a four-spread which 
is generated by planes in such a way that the tangent S t is invariant along each plane 
is intersected by the planes consecutive to it. The conies then count four times as 
three-point tangent curves to the three-spread. The three-spread generated by such a 
system of conies lies in an S 6 . 

The three-spread is, in this case, touched along the conies by the planes of 
the conies. When a three-spread generated by a system oo 2 of plane curves is 
touched along the curves by the planes of the curves, the tangents to the curves 
are three-point tangents to the three-spread. Hence : 

The necessary and sufficient condition that a three-spread be touched along non- 
rectilinear curves by a system co 2 of planes is that the curves of contact be conies and 
that the plane of each conic meet the planes consecutive to it in the points of the conic. 

Ukbana, Illinois, January, 1910. 



